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Motivation
Problem. Learn a decision function f̂ : X → Y,
where Y is a structured space.

Existing works. f̂ = d ◦ ĥ: 2-step surrogate
method based on input/output kernels [1, 2, 3].

1. generic (i.e., able to handle different tasks);
2. grounded theoretically;
3. simple algorithmically;
4. not scalable (both in training and inference).

We want to build a low-rank approximation h̃
thanks to input and output random projectors
P̃X and P̃Y to obtain a scalable predictor f̃ .

Some Notations
Let kZ : Z × Z → R be a p.d. kernel, ψZ(z) :=
kZ(·, z), and HZ its RKHS.

Given an i.i.d. sample (zi)
n
i=1 ∈ Zn ∼ ρZ , let

• SZ : f ∈ HZ 7→ 1√
n

(
f(z1), . . . , f(zn)

)
∈ Rn

• S#
Z : α ∈ Rn 7→ 1√

n

∑n
i=1 αiψZ(zi) ∈ HZ

• KZ =
(
kZ(zi, zj)

)
1≤i,j≤n

= nSZS
#
Z

• CZ = Ez[ψZ(z)⊗ ψZ(z)]

• ĈZ = (1/n)
∑n

i=1 ψZ(zi)⊗ ψZ(zi) = S#
Z SZ

Input Output Kernel Regression

Training: α̂(x) = (KX + nλIn︸ ︷︷ ︸
n×n

)−1kxX

Complexity: O
(
n3

)
Inference: for a candidate set Yc ⊆ Y of size nc

d(ψy(y)) = argmin
y′∈Yc

∥ψy(y)− ψy(y
′)∥2Hy

For a test set Xte of size nte

Kte,tr
X︸ ︷︷ ︸

nte×n

(
KX + nλIn︸ ︷︷ ︸

n×n

)−1
Ktr,c

Y︸ ︷︷ ︸
n×nc

Complexity: O
(
n2nc

)
if nte < n ≤ nc
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SISOKR: low-rank estimator
Contribution: build a low-rank approximation h̃
of ĥ thanks to orthogonal projectors P̃X and P̃Y .

How to build P̃X and P̃Y ? By sketching [4],
i.e., random linear projections: let mZ ≪ n
and RZ ∈ RmZ×n be a random matrix,

P̃Z = (RZSZ)
#
(
RZSZ(RZSZ)

#
)†
RZSZ

Training: α̃ (x) = R⊤
Y Ω̃Y Ω̃XRXk

x
X with

Ω̃Y = (RYKYR
⊤
Y︸ ︷︷ ︸

mY×mY

)†RYKY ,

Ω̃x = KXR
⊤
X (RXK

2
XR

⊤
X + nλRXKXR

⊤
X︸ ︷︷ ︸

mX×mX

)† .

Complexity: O
(
m3

X +m3
Y
)

Inference: Kte,tr
X R⊤

X︸ ︷︷ ︸
nte×mX

Ω̃Y Ω̃X︸ ︷︷ ︸
mX×mY

RYK
tr,c
Y︸ ︷︷ ︸

mY×nc

Complexity: O (ntemYnc) if nte ≤ mX ,mY

Theoretical Guarantees
A 1 (Attainability) ∃H : HX → HY s.t. ∥H∥ <∞
and h∗(x) := Ey[ψY(y) | x] = HψX (x).

A 2 (Bounded kernel) kZ(z, z) ≤ κ2Z , ∀ z ∈ Z.

A 3 (Capacity) QZ := Tr(CγZ
Z ) < +∞.

A 4 (Embedding) ψZ(z)⊗ψZ(z) ⪯ bZC
1−µZ
Z a.s.

A 5 (Sub-gaussian sketches) RZ ∈ RmZ×n

composed with i.i.d. entries s.t. (i) E
[
RZij

]
= 0,

(ii) E
[
R2

Zij

]
= 1

mZ
and (iii) RZij

(
ν2
Z

mZ

)
- subG.

Theorem (SISOKR learning rate). Assume that
A 1-5 hold, and that ∥ψY(y)∥HY = κY . For n ∈ N
s.t. 9

n log(n/δ) ≤ n
− 1

1+γZ ≤ ∥CZ∥op/2, and for
sketching sizes mZ ∈ N such that

mZ ≳ max
(
ν2Zn

γZ+µZ
1+γZ , ν4Z log (1/δ)

)
,

then with probability 1− δ we have

R(f̃)−R(f∗) ≲≲≲ log (4/δ)n
− 1−γX∨γY

2(1+γX∨γY )

where R(f) = E(x,y)∼ρ

[
∥ψY(y)−ψY(f(x))∥2HY

]
.
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Experiments
Synthetic least squares regression:
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Real-world multi-label classification:

F1 scores
Method Bibtex Bookmarks
SISOKR 44.1± 0.07 39.3 ± 0.61
ISOKR 44.8± 0.01 NA
SIOKR 44.7± 0.09 39.1± 0.04
IOKR 44.9 NA

LR 37.2 30.7
NN 38.9 33.8

SPEN 42.2 34.4
PRLR 44.2 34.9
DVN 44.7 37.1

Training/inference times (in sec)
Method Bibtex
SISOKR 1.41 ± 0.03 / 0.46 ± 0.01
ISOKR 2.51± 0.06 / 0.58± 0.01
SIOKR 1.99± 0.07 / 1.22± 0.03
IOKR 2.54 / 1.18

Method Bookmarks
SISOKR 118 ± 1.5 / 20 ± 0.2
ISOKR NA
SIOKR 354± 2.1 / 297± 2.1
IOKR NA


