TELECOM

=TT

N2 1P PARIS

Learning Deep Kernel Networks: Application to
Efficient and Robust Structured Prediction

PhD Defense, Tamim El Ahmad
July 9th, 2024

Télécom Paris



Structured prediction

Emblematic example of metabolite identification (Brouard et al,
2016a; Schymanski et al., 2017):
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Structured prediction in supervised settings

Supervised settings: n i.id. training sample (x;,yi)_, € (X, )" ~ p
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Given a loss function A : )? - R

f* = arginf gy [AFX), )1~argmf—ZA x).vi) =F
fx—=Yy fa—y N
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Structured prediction in supervised settings

Supervised settings: n i.id. training sample (x;,yi)_, € (X, )" ~ p

,\CHE . \\ 2] ] ™ / 7 /NH M \

U I 1 — v | — \

Hgt:z\;o . / = i § ) \\ 4 ) ,‘

_ ! = o = y ksl fale, , WO OHHO oM //

\

Given a loss function A : Y2 - R
f* = arginf E o [A(f(X), )] ~ arginf — ZA yi)=f

ffxX—=Y fxﬁy

How to design a loss A taking into account the structure of Y?
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Kernel methods: output representation

Linear method after embedding through feature map ¥y : Y — Hy:
choice of kernel <= choice of representation

NH2 1Py

molecule y
output space Y linear feature space Hy

(y(V), Py(V)) 2y = Ry(y,Y'): relevant similarity measure over Y

3/44



Output Kernel Regression for structured prediction

= AWYY) = l¥y(y) — ¥y ()3, =2~ 2ky(v,Y)

(Vy €V, |[¥ylls, = 1without loss of generality)

Versatility: tackle various tasks through an appropriate choice of ¥y
(e.g. SOTA performance on metabolite identification (Brouard et al.,
2016a) and label ranking (Korba et al., 2018) datasets)
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Output Kernel Regression: a surrogate approach

Surrogate (2-step) method (Weston et al., 2003; Cortes et al., 2005;
Brouard et al., 2011; Kadri et al., 2013):
1. fi = argmin 157, 1n(x) — (1|3, (training step)

h:X%Hy

2. f(x) = d o h(x) = arg min [|A(x) — 9y ()|3, (inference step)
yey

Hy

=

Yy | d

f=doh
Theoretical guarantees: for measurable h: X — Hy and f=d o h,

f's excess risk is bounded by h's excess risk (Ciliberto et al., 2020) 5



Output Kernel Regression: linear estimator

h: XHZ )by (i)

where & : X — R" usually obtamed by non-parametric methods (e.g.
input kernel kx (Input Output Kernel Regression) (Brouard et al.,
2016b), input tree (Geurts et al,, 2006))
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Output Kernel Regression: linear estimator

h: XHZ )by (i)

where & : X — R" usually obtamed by non-parametric methods (e.g.
input kernel kx (Input Output Kernel Regression) (Brouard et al.,
2016b), input tree (Geurts et al,, 2006))

{Hy
Ti(x) = Za(x)iwy(yi)
i=1 Yy | d
X \)
fx) = = arg max E a(x)iky(yi, y)

v 6/44



Challenges raised by IOKR

1. Scalability: obtain f = d o h, computationally efficient version of
f=doh,when learning from big data, i.e. large n

2. Theory: obtain excess risk bound of f=d o h

what if A(y,y') = c([p () — ¥y (V)3,,)?

4. Expressiveness:

Water is an oxygen hydride consisting f=7

of an oxygen atom that is covalently —_—> H / \ H

bonded to two hydrogen atoms.
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Key tool for scalability: Random Fourier Features vs Sketching

a) Random Fourier Features (Rahimi and Recht, 2007; Sriperumbudur
and Szabd, 2015): for my, < n,

(Wy(1), by (Y Nry = Dy (), Dy (Y))pmy
= AWYY) = oy () — ¥3 )y, = 19y 1) — by (V) zmy = AW,Y)
— A approximated loss
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Key tool for scalability: Random Fourier Features vs Sketching

a) Random Fourier Features (Rahimi and Recht, 2007; Sriperumbudur
and Szabd, 2015): for my, < n,

Wy(), vy (Y Nay = Gy (v), Py (V))rmy

= AWYY) = oy () — ¥3 )y, = 19y 1) — by (V) zmy = AW,Y)
— A approximated loss

e D

b) Sketching (Williams and Seeger, 2001; Rudi et al., 2015; Yang
et al, 2017): for my, < n, Ry, € RM¥x"

i=1

span ((Yy(vi))il,) + span ((Z[Ry]iﬂby(yi)) )

=

= A remains unchanged!
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Outline of the thesis

Method Scalability ~ Theory Express.  Output dim.
RFF (Li et al,, 2021) v v v 1
Nystrom (Rudi et al,, 2015) v v 1
Sketching (Yang et al., 2017) v (v) 1
Sketching (Lacotte and Pilanci, 2022) v (v) VA 1

" 1. p-sparsified (El Ahmad et al,, 2023) v v v T d>1
ORFF (Brault et al., 2016) v v 0o
ILE (Ciliberto et al., 2020) v o)

" 2.SISOKR (El Ahmad et al,, 2024) v v T T oo
MMR (Brouard et al., 2016b) v 0o
Double Rep. (Laforgue et al., 2020) v 00
MOVKL (Kadri et al,, 2012) (v) 00

" 3.DSOKR (El Ahmad et al,, 2024) v oo v v e
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p-sparsified sketches for fast
kernel methods with Lipschitz
losses



Y = R (take a step aside from structured prediction)

Given Ry and its associated RKHS Hy, A > 0

min *ZA ||f||HX'

feHx N
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Y = R (take a step aside from structured prediction)

Given Ry and its associated RKHS Hy, A > 0

min *ZA ||f||HX'

feHx N

Representer Theorem (Kimeldorf and Wahba, 1971):
f=200 @i(x(:), ¥a (X)) s, Where

T

A
& = argmin fZA Ky a| Lyi| +Za’ Ky a.
aERn ~~ 2~

nxn nxn

i

Optimisation problem on n parameters and n?-matrix to
store: can we reduce n?
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Sub-sampling, i.e. Nystrom approximation

Let mx < nand {(%)"*} c {(x;),} (Sample mx training data)
span((va (X)) < span((vx (%)% ) (Hypothesis space reduction)

= f= ST 3 (b (), e (Xi)) e Where

4 = arg min fZA

"/ERm)‘

2

T
A
K”mX 7] » Vi + 77T Kmxmx Y
N ——
I

nxmax Mx XMx
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Sub-sampling, i.e. Nystrom approximation

Let mx < nand {(%)"*} c {(x;),} (Sample mx training data)
span((va (X)) < span((vx (%)% ) (Hypothesis space reduction)
- f Zlm? ;7“I< ( )7¢X(Xi)>HX where

4 = arg min fZA

",’ERmk

2

nxmax Mx XMx

-
A
KnmX 7] Vil + 7’7/T Kmxmx Y
S~ ~——
i

Sampling the wrong data can lead to poor results —
data-dependent sampling schemes (e.g. leverage scores) (Alaoui and
Mahoney, 2015; Rudi et al,, 2018; Cherfaoui et al., 2022)

Can we use a more robust and data-independent approximation
scheme?

/44



Johnson-Lindenstrauss lemma

Lemma (Johnson and Lindenstrauss, 1984)

Given 0 < € < 1, a set S of n points in RP, and an integer
d > 8(logn)/e?, there is a linear map h : R — R? such that

(1= &) llu = vI* < [Ih(u) = hW)1* < (1 +¢€) flu = vi*

forallu,veS.

12/ 44



Johnson-Lindenstrauss lemma

Lemma (Johnson and Lindenstrauss, 1984)

Given 0 < € < 1, a set S of n points in RP, and an integer
d > 8(logn)/e?, there is a linear map h : R — R? such that

(1= &) llu = vI* < [Ih(u) = hW)1* < (1 +¢€) flu = vi*

forallu,veS.

Proof (Boucheron et al., 2013):

1. take h = %R € R9%P where Rj; i.i.d. sub-Gaussian random
variables

2. prove the above equation with high probability thanks to the
Bernstein inequality

12/ 44



Gaussian sketching then?

Let Ry € R™**" he a Gaussian sketching matrix

f= S REAN (W), (X)) 1

A
A = argmin — E A KXRXW] y/) 2’YTRXKXR;”/’-
eRmx
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Gaussian sketching then?

Let Ry € R™**" he a Gaussian sketching matrix

f= XL RAAN (), b ()

A
A = argmin — Z A KXRXfy] y,) + 24 TRxKxR Y.
~ERMx 2

Problems:

1. computing RxyKy: O (n’my) time complexity — still high
complexity

2. storing Ky: O (nz) space complexity — space complexity does
not change

13/44



Definition: p-sparsified sketches

Definition (El Ahmad et al., 2023)

Let my < n, and p € (0,1]. A p-sparsified sketch Ry € RMxx"
is composed of i.i.d. entries

Ry = ——
M /map

where B; % Ber(p) and G; ' Rad(1) (p-SR) or A/ (0, 1) (p-SG).
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Definition: p-sparsified sketches

Definition (El Ahmad et al., 2023)

Let my < n, and p € (0,1]. A p-sparsified sketch Ry € RMxx"
is composed of i.i.d. entries

Rx; is mLXp—sub—Gaussian =— p-sparsifed sketches are
Johnsonn-Lindenstrauss compatible sketches

1444



Computational property: decomposition trick

Let m/X = Zj”:1 H{Sj 7& 0}, R-X = RA\%(: RXSS
—— =

Max XM’ m% xn

7 0 0 -1 0 T 0 —1
Example: =
0O 0 1T =1 0 0o 1 -1

o O -
o O O
o = O
- O O
o O O
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Computational property: decomposition trick

Let m/X = Zj”:1 H{Sj 7& 0}, R-X = RA\%(: RXSS
—— =

’ !’
Mmx xm’, m’,

;
7 0 0 -1 0 T 0 —1 0000
Example:00110:01100100

0O 0 0 1 0

m’y ~ Binom (n,1— (1—p)"™*) = E[mk]=n(1—(1—p)"%) ~ NMxp
p—

xXn
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Best of both worlds

Table 1: Complexities of RxKx

Sketch Time Space

Gaussian O (n* + n’my) O (n?)
p-sparsified O (n?’mxp + n*m%.p) O ("*mxp)

= p-sparsified more efficient if mxp < 1!
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Best of both worlds

Table 1: Complexities of RxKx

Sketch Time Space

Gaussian O (n* + n’my) O (n?)
p-sparsified O (n?’mxp + n*m%.p) O ("*mxp)

= p-sparsified more efficient if mxp < 1!

p-sparsified sketch’'s goal — best of both worlds with
data-independent distribution:

1. computational efficiency of sub-sampling sketch
2. statistical accuracy of Rademacher or Gaussian sketch

Scalability v'!

Related work: Accumulation sketching (Chen and Yang, 2021)
16/ 44



Excess risk bound for Lipschitz losses

Corollary

Assume that a;j(Kx/n) oc i—t for t > 1 (polynomial decay). Then,
fora , A o n~7 and a p-sparsified sketching
matrix Ry such that, for any d € (0,1),

my 2 max(n™, log(1/4)),
with probability 1—§

Egeyyep [A(00,9)] = By [A6(9,9)] S log(1/8)n™ 75

Theory v/, V!
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Scalar regression with synthetic dataset: settings

1) n =10000, (x;,y;) € R" x R

2) Inhomogeneous input data distribution

M U ([010, T1o]) , ifi=1,...,9900,
: N (1.5140,0.25h0) , ifi=9901,...,170000,

3)y = f*(x) + ¢ where e ~ A/ (0, 1) and

4
1+ exp (=20 (x2 — 0.5))

f*(x) = 0.1exp (4x") + +3x%° + 2 + X

4)
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Interpolation between Nystrom approximation and Gaussian

sketching

— Nystrom

~ Gaussian _ ok
o1 p-SR (p=5/n) "s a
~. PSR (p=10) & /
\A - p-SR (p=30/n) T 10 Bt St ¥
o N PSR (p50M) S
105
w « . Nystrom
D o4 .S 100 - Gaussian
= o p-SR (p=5/n)
- g p-SR (p=10/n)
7 £ 95 . p-SR (p=30/n)
Boxo = PSR (pe50n)
£
£
© 85
0.06 —
=
Mk g 80
0.04
40.0 60.0 80.0 100. 120. 140, 40.0 60.0 80.0 100. 120. 140.
My my
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Optimal computational/statistical trade-off

- . Nystrom
* .
o1s & . Gaussian
¥ .RFF
0.16 %’ . p-SR (p=30/n)
’\9{3 Accumulation (m=30)
Ll 0.13 »
n
= 0.12
=
()]
2 o
0.08
0.06
0.04 AN
7.5 8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5

Training time in seconds
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Sketched Input Sketched Output
Kernel Regression




Hy

n

) = D &)y (i)

i=1

Yy | d

X Yy

Fx) = doh(x) = arg max D a@)iky (i, y)
ye =il
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q’{x L5l (HM

et

W
e
Wy Yy d
X n Y
F(x) = doh(x) = argmax Y, a(x)ky(y:, y)

yey i1

IOKR: Weston et al. (2003); Cortes et al. (2005); Brouard et al. (2011);
Kadri et al. (2013); Brouard et al. (2016b); Korba et al. (2018)
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q’{x L5l (HM
D
Rt

z

Px Yy | d

X n Y
F(x) = doh(x) = argmax Y, a(x)ky(y:, y)

yey i1

Motivation: build a low-rank approximation h of h thanks to
input and output random projectors Pyx and Py to obtain a
scalable predictor f together with an excess risk bound
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IOKR: training and inference complexities

1. Training: &(x) = (Kx + nAl,) ~'R; = QKX
nxn

= O (n?) time and O (n?) space complexity

2244



IOKR: training and inference complexities

1. Training: &(x) = (Kx + nAl,) ~'R; = QKX
nxn
= O (n?) time and O (n?) space complexity

2. Inference: f(x) = argmax Y1, &(X)iRy (Vi y) = R QRy
yey

- Test set: X® = {xi*, ..., x& } of size Nee
- Candidate set: Y = {y5,...,y5_} of size n.

te,tr A tr,c
Kt Q Ko

nxn

Nee X N nXxne

fixt) =y where j = arg max [K}"" QK
1<j<ne

= O (Nenne) time and O (nn¢) space complexity if N < n < ne

2244



Some notations

Foran i.i.d. sample (z)iL, € 2" ~ pz:

©S;ifeHz = V) z(@))mzs - i 0z(20))ns)T €R"

sampling operator

- ST aeR = (1/VN) XL, aivz(2) € span ((vz(2)[,) its

adjoint
- Cz = E,[1z(2) ® ¥z(2)] covariance operator
- C;=(1/n) S vz(2) @ vz(z) = SES; its empirical counterpart:

C;:Hz — span ((Yz(2))L,)

23/44



Low-rank estimator: from IOKR to SISOKR

H = 585x(ShSx + Alney)

(HX (HM
QD
ot
)//
\'w@
A\ F@ [©
by u Yy d
A

X n M
F(x) = doh(x) = arg max Y, &(x)iky (i, )

vy i

24/ bty



Low-rank estimator: from IOKR to SISOKR

~ — [~ ~ =il
H=P,S}SxPy (szisxpx + Mw] Hy

Hx

Px

X Yy

)N‘(x) =d oﬁ(x) = arg max Zﬁ(x)iky(y,', y)
yey i

m
=

P;:Hz — Hz where Hz = span ((Zf1 Rliv=(2)) T)

How to build these projectors?

24/ bty



Construction of the orthogonal projector P;

G =SS, = (1/n) T v=z(2) ® ¥z (2)
- Gz= S?R;RZSZ = %eri? (27:1 RZUQ/)Z(Z"» ® (27:1 RZ(/Q/}Z(ZJ))
- K; = RzK;R= T, and {(o,(kz), uN,.Z) e [mg]} its eigenpairs

© p7 = rank (EZ), and forall 1 <i < py, é,.z = Ui("RZ)SfR;G,-Z cHz
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Construction of the orthogonal projector P;

G =SS, = (1/n) T v=z(2) ® ¥z (2)
- Gz= S?R;RZSZ = %Zli? (Ziﬂ:1 RZUQ/)Z(Z"» ® (27:1 RZ(/Q/}Z(ZJ))
- K; = RzK;R= T, and {(o,(kz), uN,.Z) e [mg]} its eigenpairs

© p7 = rank (EZ), and forall 1 <i < py, é,.z = Ui("RZ)SfR;G,-Z cHz

Proposition (EL Ahmad et al., 2024)

The éizs are the eigenfunctions, associated to the eigenvalues
ai(Kz)/n, of Cz, whose range is span((Y_, Rz,%2(z))72).
Then, 2 = (&,..., e;,) is an orthonormal basis of
span((X_, Rz,%z(2))"2), and P; writes as

Pz
Pr=> (- &)3.& = (Rz52)* (RzS2(R=52)*)" RzS;.

i=1

Related works on Nystrom: Yang et al. (2012); Rudi et al. (2015) 25/44



Sketched Input Sketched Output Kernel Regression estimator

Proposition (EL Ahmad et al., 2024)

ZO" Yy (vi) , where & (x) =Ry, QRxR,

with

Q = (RyKyRy,)TRyKyKxR X (R¥K3RY + nARxKxR %)
N—_——

my Xmy Mx XMx
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Sketched Input Sketched Output Kernel Regression estimator

Proposition (EL Ahmad et al., 2024)

ZO" Yy (vi) , where & (x) =Ry, QRxR,

with
Q = (RyKyRy,)TRyKyKxR X (R¥K3RY + nARxKxR %)
N—_——
my Xmy Mx XMx
Method Time Space
IOKR o(n?) O (n?)

SISOKR (p-SR/SG)  O(max(mx, my)?pn) O(max(mx, my)pn)

= Training complexity reduced thanks to input sketching! 26/44



SISOKR estimator: Inference

f(x) = arg max S &(X)iky (vi,y) = arg max l?ﬁiTR;ﬁRykyy
yey yey
te,tr o T = tr,
KEYRT  Q  Rykie
Ne XMz MXXMY myn,

f(X/te) = yjc where = B{E_Tax [K)t(e’"R;ﬁRyKv’c ;
<j<ne
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SISOKR estimator: Inference

f(x) = argen;ax S aX)iky (vi,y) = ar%er?}ax l?ﬁiTR;ﬁRykyy
te,tr o T = tr,
KSYRT  Q  Rykie
Ne XMz MXXMY myn,
fixe) = y; where j = argmax (KR Y QRy KY€

1<j<nc

Table 2: If nee < Mx,my < n < ne

Method Time Space

IOKR O (neenn;) O (nn¢)
SISOKR (p-SR/SG) O (max(Nie, nmyp)myn:) O (npmyn.)

= Inference complexity reduced thanks to output sketching!

Scalability v!
2744



Sketching for kernel methods: summary

mz

span((z(z)i;) « span [Z [Rzlijwz(zj)]
i=1

j=1
finite-dimensional infinite-dimensional
+ +
Lipschitz loss square loss
n
~ ~ n
f9 =24 [’ |t where i) = D3, @yyi) = (), where
n i=1
~ . 1 T ~ o~ ' ~ [~ ~ -1
y = argmin {; EA[[KXRxV]i/ yz-] H= Pysisxpx(PXsﬁ(sXPX + /Uer) ,
yeR™ i=1

A ’ ) ., mz
—y 'RyKxR o
+ o7 Rxkx X} P,:Hz — span [E[Rz]ijl%’z(zi)]
i=1

=1

|Optimizati0nview| | Operator view |
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Theoretical guarantees of SISOKR

Let
R(f) = Egey)mp AT, 0],

and

f* = arginf ]E(X,y)Np[A(f(X)ay)] )
fixXx—=Y

we want to control

R -R(F) < 7

29/44



Asm. 1 (Attainability): Recall that h*(x) := Ey[¢y(Y) | X = x]. There
exists H : Hax — Hy with ||H|[,s < 400 such that

h*(x) = HYx(x) Vxe X.

there exists such that

Asm. 3 (Capacity condition): there exists vz € [0, 1] such that

Qz :=Tr(CF) < +o0.
Asm. 4 (Embedding property): there exists bz > 0 and uz € [0, 1]
such that almost surely

Vz(2) @ Yz(z) < bzCL 2.
Asm. 5 (Sub-Gaussian sketches): Rz € R™=*" composed with i.i.d.
entries st. () E [Rz,] =0, (i) E [R%J =1/mz and (iii)

2 . .
Rz, ~ =% — sub-Gaussian with vz > 1. 30/44



Theorem: SISOKR learning rates (EL Ahmad et al., 2024)

Under Asm. 1, 2,3, 4and 5, if forally € Y, ||vy(y) |2, = iy, for
Z e {X,Y} and for n € N sufficiently large such that

2 log(n/6) < n~ ™= < |[|Cz|lop/2, and for sketching sizes mz, € N
such that

7

5 Yztrz 4
Mz 2 max (z/zn "z v log (1/(5)),

then with probability 1— ¢
E[J|A(x) — h* (I3, 1F S log (4/6) n~ T,
and

7 1—vx VY

R() ~ R(F) S EUAK) — h* () ey ) S log (4/8) n™ T

Theory v'!

31/ 44



Synthetic and real-world experiments: take-home messages

1) a) Input sketching: mainly accelerates the training phase

1) b) Output sketching: accelerates the inference phase
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Synthetic and real-world experiments: take-home messages

1) a) Input sketching: mainly accelerates the training phase
1) b) Output sketching: accelerates the inference phase

2) Optimal computational/statistical trade-off: statistical
performance converges when mx /my, increases = no need to
set them too high!
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Synthetic and real-world experiments: take-home messages

1) a) Input sketching: mainly accelerates the training phase

1) b) Output sketching: accelerates the inference phase

2) Optimal computational/statistical trade-off: statistical
performance converges when mx /my, increases = no need to

set them too high!

3) Benefits from sketching w.r.t. the number of training data n:

intermediate

large

No benefit SISOKR accelerates IOKR
from sketching | while being as accurate

SISOKR is tractable "
unlike IOKR

32/44



Deep Sketched Output Kernel
Regression




Motivation

() = 285ty (i)

i=1

vy |4
X = N
"Water is an oxygen  f5(x) = d o i5(x) = arg max Zga(x)zky(]/ir y)
hydride consisting of [ O
an oxygen atom that is / \
covalently bonded to H H

two hydrogen atoms."
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Hy
: T30 = N gp(iy(v)
i=1
vy |4
T

X = Y
"Water is an oxygen  f5(x) = d o i5(x) = arg max Zga(x)zky(]/ir Y)
hydride consisting of [ O
an oxygen atom that is / \

covalently bonded to H
two hydrogen atoms."

H

Motivation: reduce the size of the linear combination to
unlock the use of deep neural networks within the Output
Kernel Regression.

33/44



DSOKR: a basis approach

Yy | d

X y

Py

Y
f5) = dolig(x) = arg max V@A E, , Yy,
Y& i=1

34/44



Solving the surrogate problem

l/\r/TngV EZ”QEOQW Xi) d}y(yi)”%'ty
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Solving the surrogate problem

min —ZHgEogw X;) d}y(yi)”%'ty

wew n

9z © gw() — ¥y )l5, = —¥y(y)

ot - a )| - (

WV)Hz Fhy(y, y))

where

* Py (y) = Dp, 72Uy, T Ryky” € RPY
UpprYUpy = Ky = RyKyRyT (SVD of Ky)
my Xmy

© Ry = (Ry(V. 1), - - -, Ry(V,¥n))

35/44



Deep Sketched Output Kernel Regression: inference

fo(x) = argmax 3P, gy (X)i(@), by (V) 2y = arg max g (x) Ty (Y)
yey yey

- Test set: X® = {X,...,xi? } of size ny.
- Candidate set: Y© = {y5,...,y; } of size n.

fo(x¥) =5 where j = argmax gy (xi°) "y (¥f)
1<j<ne

36/44



DSOKR: summary

1. Training. a. Computations for the basis E.
- SVD of Ry = R:yKyRy—r — {(Ui(ky), G,) ,i € [my]}
- M =D,,~"2U,,T € RP*™ where Up, = (i, ..., Up,),
DPV = diag(a'1(Ky), coog O'pY(Ky))
1. Training. b. Solving the surrogate problem.
: {(Xn)//) & {(th’y(yl)) =11 ~
{(XVE",V,“')} — {(xi, hy (1)} 15, where iy (y) = MRyky”

“ 9y = arg min min 2 >0, ng Xi) @lfy(y,)H

2. Inference.
{3 by ()},
* fa(xt®) = y5 where j = arg max g, (X**) Teby ()

1<j<n,
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DSOKR: summary

1. Training. a. Computations for the basis E.
- SVD of Ry = R:);KyRy—r =7 {(Ui(ky) G) e [my]}
- M= EpY*VZLNpr € RPvxMy ‘where U,,y (Uq,...,Up,),
DPV = dlag(a1 (K\/)7 coog O'pY(Ky))

1. Training. b. Solving the surrogate problem.

’ {(th/) F{(th)y(yl)) =1 _
{(Xva'yy,va')} = {0, Py (V). where by (v) = MRy Ry

c gy = srgrgln I C( |9z © g (xi) — ¢y(yi)||7-l,y >
2. Inference.
AV — Py (I,
- F5(xi€) = y& where j = arg min c< o 0 900x) — w5

1<j<n.

2
ﬂy)

Scalability v/, loss v/, expressiveness v'! 37/44



Synthetic least squares regression

1) n = 50000, X = R2999 Y = R1090 {,, linear kernel =
7{3} — J) — H&WOOO

Goal: build this dataset such that the outputs lie in a subspace of )
of dimension d = 50 < 1000
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Synthetic least squares regression

1) n = 50000, X = R2999 Y = R1090 {,, linear kernel =

7{)} — J) — H&WOOO

Goal: build this dataset such that the outputs lie in a subspace of )
of dimension d = 50 < 1000

2) Draw H = (Hj)i<i<d,1<j<2000 € RP?%0 st Hj ~ N(0,7),
X ~ N(0, Cx), where (0;(Cx) = j="/?)2.%°, &; ~ N(0, 0 l1000) With
o = 0.01,

Vi = UHX; + ¢,
where U = (U, ..., uqg) € R'%*@ and (uj){, are d randomly drawn
orthonormal vectors
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Synthetic least squares regression: results

o Sub-Sample
«~Gaussian

B
o

&
o

Test DSOKR MSE - NN MSE
- N
o o

S
o

0.0 50. 100 150 200 250 300 350 400

my

Figure 2: Difference between test MSE of DSOKR and NN w.rt. my.
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Text to molecule

ChEBI-20 dataset (Edwards et al., 2021)
n = 26 408, nye = 3301, nc = 33010

Inputs: texts (mean/median number of words per description is
55/51)

Outputs: molecules as graphs (mean/median number of atoms per
molecule is 32/25)

Water is an oxygen hydride consisting f=7

of an oxygen atom that is covalently e —— H / \ H

bonded to two hydrogen atoms.
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Text to molecule

ChEBI-20 dataset (Edwards et al., 2021)

n = 26 408, ne = 3301, n. = 33010

Inputs: texts (mean/median number of words per description is
55/51)

Outputs: molecules as graphs (mean/median number of atoms per
molecule is 32/25)

Water is an oxygen hydride consisting f=7

of an oxygen atom that is covalently e —— H / \ H

bonded to two hydrogen atoms.

Input neural network: SciBERT (transformer) (Beltagy et al., 2019)

Output kernel: cosine applied to Mol2vec (Jaeger et al,, 2018) (for
normalization)

Sketching: Sub-Sample and Gaussian, my, = 100
40/44



Text to molecule: results

Hits@11 Hits@101 MRRT

SISOKR 0.4% 2.8% 0.015
SCIBERT Regression 16.8% 56.9% 0.298
CCMAM -MLP 349%  842% 0513
CMAM - GCN 33.2% 82.5% 0.495
CMAM - Ensemble (MLPx3) 39.8% 87.6% 0.562
CMAM - Ensemble (GCN x3) 39.0% 87.0% 0.551
CMAM - Ensemble (MLPx3 + GCNx3) 442% 88.7% 0.597
DSOKR - SubSample Sketch 482% 87.4% 0.624
DSOKR - Gaussian Sketch 49.0% 87.5% 0.630
DSOKR - Ensemble (SubSample x3) 51.0% 88.2% 0.642
DSOKR - Ensemble (Gaussianx3) 50.5% 87.9% 0.642
DSOKR - Ensemble (SubSamplex3 + Gaussianx3) 50.0% 88.3% 0.640
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Conclusion




Conclusion

Challenge p-sparsified
1. Scalability v
2. Theory v
v

4. Expressiveness

- p-sparsified sketches: new sketching distributions for an
optimal statistical/computational trade-off

- Beyond Nystrom approximation with data-independent
distribution

-+ Excess risk bounds of sketched vector-valued kernel machines
with
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Conclusion

Challenge p-sparsified  SISOKR
1. Scalability v v
2. Theory v v
3. Loss v

4. Expressiveness

- SISOKR: sketching on both input/output kernels to accelerate
both training/inference steps

- Sketching as a way to build orthogonal projectors onto
low-dimensional subspace of the feature space

- Excess risk bound leading to a consistent theoretical analysis of
SISOKR

- Experiments: SISOKR accelerates IOKR or make it tractable
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Conclusion

Challenge p-sparsified  SISOKR ~ DSOKR
1. Scalability v v v
2. Theory v v
v v
4. Expressiveness v

- DSOKR: sketching on the output kernel to unlock the use of
Deep Neural Networks within OKR framework

thanks to this basis approach

- Experiments: DSOKR outperforms SOTA method on a
text-to-molecule dataset

- All codes publicly available
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e Incoporate SISOKR and DSOKR in a Python package for structured
prediction in collaboration with HI! PARIS

e Excess risk bound for DSOKR:

> SISOKR’s error decomposition
> excess risk of MLP with ReLU activations (Schmidt-Hieber, 2017)

e DSOKR for unsupervised learning:

> basis approach on both first and last layers
> auto-encoder for structured objects (Laforgue et al., 2019)

o Differentially private kernel methods:

> data-independent p-sparsified sketches distribution
> add less noise to attain privacy
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Sub-sampling is random projection

Letn=5X={x1,...,x5}, R = (Rx (X, %1),...,Rx(X,X5)), mx = 2 and
7T 0 0 0 O
O 0 0 1 0

X1
Kmxn _ <kX> _ RXK and Kmxmx _ <kX(X17X1) kX(X17X4)> _ R)(KXR;E

Ry =

Ry Rax(Xa, X1) R (Xa, X4)
f=0% kae- %)) = Sq Ra (-, %) [REAL;, where

- A
4 = argmin — ZA ( KXRXW], ,y,) L f’y;KXR;fy.
VERX =1 2

Could we use other random matrix distributions?



Which property should sketching distributions satisfy?

- Ky/n=UDUT

- D = diag (o1(Kx), - . ., on(Kx)) where o1(Kx) > ... > on(Kx)

- &5 the lowest value s. t. 9(6,) = (2 o0, min(d3, 03(Kx)))"/? < 67
(Bartlett et al.,, 2005)

~dy=min {j € {1,...,n}: o5(Kx) < 63}

Definition (Kx-satisfiability (Yang et al., 2017))

Let ¢ > 0 independent of n. Let U; € R"™<% and U, € R"*(n—dn)
be the left and right blocks of matrix U previously defined,
and D, = diag (g, +1(Kx), - - ., on(Kx)). A sketch matrix Ry is

said to be Kyx-satisfiable for ¢ if Ry is such that

H(RXU1)T Rx Uy — g,

O

<1/2, and HRXUZD}“H < chy.
p op

Intuition: R~ is Kx-satisflable = isometry on the largest eigenvectors of
Kx/n and small operator norm on the smallest eigenvectors



Previous work

Settings in Yang et al. (2017):

- d =1 = scalar regression only

“Ay,Y)=(y—Y) = KRRonly

- Focus on the squared L%(P,) error, i.e,
H]N‘—f* i =157, (f(x,-) —f*(x,~))2 — not excess risk in
expectation

Yang et al. (2017, Theorem 2): If f* € H, then for any A > 252, with a
probability greater than 1 — Cre—Gnd

Frl <o), o)

where ¢, only depends on ||f*||,,.



A. 1: Expected risk is minimized over H at
fu = arginfreg, E[A(F(X), V)]

A. 2: The hypothesis set considered is the unit ball B (#) of H.

A3:VYyeRY z Azy)is over
HX)={f(X): fe H,xe X}

Al Tky >0s. t Ry(X,X) < kx,Vx€XandM is non-singular.

A.5: The sketching matrix Ry is Kx-satisfiable fora ¢ > 0
independent of n.



Excess risk bound

Theorem

Under Asm. 1, 2,3, 4 and 5, let C = 1+ +/6¢, for any § € (0,1), then
with probability at least 1 —§,

A
E [27] SE[8g] +LOYA+ [Mlon 6+ 5

+8L\/MTr(M) ., [8log(4/9)

+ ( .
n n

If Az,y) = |lz— |5 /2 and Y < B (RY), then with probability at least
1=,

1
B[a] <E (8] + (€4 ) A+ Ml

K 1ML + 632 8 log (4/9)

+8Tr(M)"/? v e




Sketch of proof: error decomposition

E[Af] — E[Af,] = Egy~plD - = Z A(f ) < gen. error
,I n N
+EZA(JC( ffZA (fu(x;), Vi) < approx. error

+ = ZAfH Exn~plA(f2(X), Y)] < gen. error



Sketch of proof: approximation error

Let Hg,, = {f: Yoy k(- x)M [R}ﬂ, v e RmXXd}

A
< f — (%) + «— A2
< dnf an )= Fu (),

HfHH<W

<L inf J*ZV(X,) 4 (9)| + 2 ¢ Jensen

feHry :
DiEYSS -



Ky-satisfiability of p-sparsified sketches

Theorem (El Ahmad et al.,, 2023)

Let Ry be a p-sparsified sketch. Then, there are some universal
constants Co, G > 0 and a constant ¢(p), increasing with p,
such that for my > max (Cod,/p?,2n) and with a probability
at least 1 — Ge—m*<(P) the sketch Ry is Ky-satisfiable for ¢ =

Z (14 /I0g (%)) +1.

Intuitive behavior of p:

- p =1 we recover Yang et al. (2017)'s result for Gaussian
sketching

- the larger it is, the denser S is, and the more likely Ry is
Kx-satisfiable

- the smaller it is, the larger my is needed



Joint quantile regression on real data

- Boston dataset (Harrison Jr and Rubinfeld, 1978): house price
prediction, n = 506

- Otoliths dataset (Moen et al., 2018; Ordofnez et al., 2020): fish age
prediction, n = 3780

Quantile levels to predict: (0.1,0.3,0.5,0.7,0.9)

Table 3: Empirical test pinball and crossing loss and training times (in sec)
without sketching and with sketching (mx = 50).

Dataset Metrics w/o Sketch 20/n-SR 20/n-SG Acc. m =20

Pinball loss 51.28 £0.67 54.75+0.74 5478 £0.72  54.73 £ 0.75

Boston Crossing loss 0.344+0.13 0.26 £0.08  0.11 4+ 0.07 0.15 £ 0.07
Training time 6.97 + 0.25 1.43 £ 0.07 1.38 + 0.08 1.48 £ 0.05

Pinball loss 2.78 2.66 £+ 0.02 2.64 + 0.02 2.67 £0.03

otoliths  Crossing loss 5.18 5.46+0.06 543+£0.05 5.46+0.06
Training time 606.8 20.44+ 0.5 20.0 £0.3 2214+ 0.4




Complexity of IOKR and SISOKR for various types of sketching

Table 4: Time and space complexities at training and inference for the IOKR
and SISOKR algorithms with sub-sampling, p-sparsified (p € (0,1]) or
Gaussian sketching, for a test set of size n and a candidate set of size nc,
such that nie < mx, my < n < nc. For the sake of simplicity, we omit the
O(+) in the following.

Training Inference
Method Time Space Time Space
IOKR n’ n® NteNNe nne
SISOKR (sub-sampling) max(Mx, my)n max(Mx, My)n NteMy Ne myne
SISOKR (p-sparsified) max(Ma, my)’pn  max(Mx, My)pn | max(Ne, NMyp)myne  npmyn.
SISOKR (Gaussian) max(mx, my)n? n’ nmync nne




Sketching sizes selection strategy

Goal: set the minimal value of mz st. it captures the information
contained in the empirical covariance operator

C; = ISt vz(z) ® vz(Z)
However: computing the SVD of C; is costing, i.e. O(n3) in time.
1. Approximate leverage scores of Ty anel Ty

2. Empirical approach: given training/inference budgets of time
Ter/ Tinf, S€t low my and my, and evaluate the performance of f until
reaching one of the following condition:

- convergence of the performance off

- training time attains T, or inference time attains T



Selection of my

RSIOKR () — SO, GYORR (x) 4y (v;) where

&1OKR (x) = KxRL(Rx K2R + NARxKxR L)'

Set the optimal my according to a training budget of time T, and the

performance of h3'9KR in terms of surrogate regression error on the
validation set, i.e. minimizing

Nyal

i=1

Nyal

_ stmm (X;/aI)T KyGS'OKR (X;/al) _ 2§SIOKR (X}/aI)T k&“' + Ry (v, yral
=1

2
X(™) = vy (V1)

F'SIOKR( ’
Hy

— allows to cope with the inference phase



Selection of my,

Set the optimal my, according to an inference budget of time T;,¢ and
the performance of the perfect h estimator on the validation set, i.e.

h: (x,y) = Priby(y)

f(X}’a') =y; where j = arg max [K‘f"tngkiRthyr’c],-}-
1<j<ne

— allows to cope with the training phase



Theory: previous works and differences

Rudi et al. (2015):

1. scalar kernel Ridge regression

2. sketching only applied in the input feature space

3. Nystrom approximation with uniform or approximate leverage scores
sampling

Ciliberto et al. (2020):

1. vector-valued kernel Ridge regression, with possibly
infinite-dimensional outputs
2. no approximation considered

This work (EL Ahmad et al,, 2024):

1. vector-valued kernel Ridge regression, with possibly
infinite-dimensional outputs

2. sketching applied in both the input and output feature space

3. generic sub-Gaussian sketches

Related recent works on Koopman operators: (Meanti et al,, 2023;
Caldarelli et al., 2024)



SISOKR excess risk bound

Theorem (EL Ahmad et al., 2024)

Let § € [0,1], n € N sufficiently large such that
A =n"V0+7x) > %TX log(4). Under Asm. 1, 2, 3 and 4, the
following holds with probability at least 1 — ¢

E[Ih(x) — h* (X3, ]2 < S(n) + CoAL> (Px) + AL (Py)

where

Agzz(ﬁz) B [||(Pz — I, )= (z [ ] (sketching reconstruction error)

and ¢y, c; > 0 are constants independent of n and § defined
in the proofs.




Sub-Gaussian sketching reconstruction error

Theorem (El Ahmad et al.,, 2024)

Under Asm. 1, 2,3 and 4, for § € (0,1/€], n € N sufficiently
large such that 2 log(n/8) < n” ™z < ||Czllop/2, then if

Tztrhz
S

Mz > C4 max (l/zzﬂ i V% Iog(1/(5))7

then with probability 1— ¢

1—vz

E.[[|(Pz = hz ¥z (2)|[3,.] < c3n” T52)

where c3, ¢, > 0 are constants independents of n,mz,d
defined in the proofs.




Synthetic least squares regression

1)n=10000,X =Y =RY, d =300, ky and Ry linear kernels —-
Hy =Hy = R

2) Construct covariance matrices Cx and E such that oy(Cx) = k=3/2
and oy(E) = 0.2kR~/10

3) Draw Hg ~ N(0, I4), and for i < n, x; ~ N(0,Cx), € ~ N(0, E),

yi = CxHoXj + ¢

4) 20/n-SR input and output sketches



Synthetic least squares regression
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Synthetic least squares regression
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Figure 4: MSE w.rt. learning time for different values of mx and my



Multi-label classification

Bibtex and Bookmarks (Katakis et al., 2008): tag recommendation
problems
Mediamill: detection of semantic concepts in a video

Table 5: Multi-label data sets description.

Data set n Nte Nfeatures Niabels

Bibtex 4 880 2515 1836 159
Bookmarks 60000 27856 2150 298
Mediamill 30993 12914 120 101




Multi-label classification: statistical performance

Table 6: Fy scores on tag prediction from text data.

Method Bibtex Bookmarks Mediamill
LR 37.2 30.7 NA
SPEN 42.2 34.4 NA
PRLR 44.2 34.9 NA
DVN 447 37.1 NA
SISOKR  44140.07 39.3£0.61 57.26+0.04
ISOKR 44.8 £+ 0.01 NA 58.02 + 0.01
SIOKR 4474+ 0.09 39.140.04 57.33+£0.04
IOKR 449 NA 58.17




Multi-label classification: computational performance

Table 7: Training/inference times (in seconds).

Method Bibtex Bookmarks Mediamill

SISOKR  1.414+0.03 /0.46 +£0.01 1184+ 1.5/2040.2 66 +0.1 / 44 0.01
ISOKR 2.5140.06 / 0.58 £ 0.01 NA 636 +3.7 94+0.2
SIOKR 1.9940.07 / 1.22+0.03 3544£2.1/297+2.1 199+ 0.1/ 121+ 0.02
IOKR 2.54 /118 NA 621/ 204




Metabolite identification

Inputs: tandem mass spectra of metabolites

Outputs: molecular structures, i.e. fingerprints, encoded by binary
vectors of length d = 7593 — probability product kernel

n = 5579 and each molecule is associated with a specific candidate
set: median size = 292 and largest = 36 918 fingerprints —
Gaussian-Tanimoto kernel

Method kernel loss Top-115 |10 accuracies training inference

SPEN 0.537 + 0.008 25.9% | 54.1% | 64.3% NA NA
SISOKR ~ 0.566 4 0.007 25.1% | 54.2% | 64.7% 4.05+0.05 1112 +29
ISOKR  0.5094+0.009  28.0% | 58.9% | 68.9%  6.25+50.31 1133+ 32
SIOKR  0.492+0.008  29.5% | 61.3% | 70.9% 1.25+0.02 1179 +£37

IOKR 0.486 +£0.008 29.6% | 61.6% | 71.4%  3.54 £ 0.15 1191 £ 38




OKR with the basis approach: beyond the square loss

Let A= (1,y") = ¢ (I9(y) — ¥y (V)IBy,, ) with ¢ : R — R
non-decreasing and at least sub-differentiable, then for

(W) = 92 ° gu(x) ~ ¥ )l
g SWx) = ¢ (i) (3 190018 — 257 500wl

For IOKR: let ky : X x X — R and gw : x — WT R where
n

W = arg min % Y c (I?QTWWT&Q — 2R T Wy (y) + Ry (v, y)) H+A Tr(KyWw )
weRrnxpx 5T



DSOKR Inference: Ensemble Approach

Let T>1,and for 1 <t <T, let Ry, be a randomly drawn sketching
matrix, hy = gg, o gy, denotes the trained DSOKR neural network
based on Ry,

T

fge"(x) = arg max Zwt g, ( X) Ty, (v)  with Zwt =1

yeyc t=1

f5(x) = arg max arg maxii<y 94, () v (v)
yeYe



Sketching size selection strategy

Goal: set the minimal value of my, st. it captures the information
contained in the empirical covariance operator

Cr= 15 oy () © vy(¥)
However: computing the SVD of Cyis costing, i.e. O(n%) in time.

1. Approximate leverage scores of Cy

2. Set the optimal my, according to the performance of the perfect h
estimator on the validation set, i.e.

h:(xy)— Z< ,,’l,by ’Hy } Z’l,[iy (2)

— allows to cope with the neural net training phase!



Synthetic least squares regression: sketching size selection

5.0 Sub-Sample
0.018 " * Gaussian
0.016 240
0.014 5
: 5
9 §3.0
20,012 I3
0.01 §20
I
0.008 210
S
0.006 0.0
0.0 50. 100 150 200 250 300 350 400 0.0 50. 100 150 200 250 300 350 400
Sorted entries my

(a) Sorted 400 highest ALS. (b) validation MSE of Perfect h w.rt. my,.



Smiles to molecule

QM9 molecule dataset (Ruddigkeit et al., 2012; Ramakrishnan et al.,
2014)

n = n. = 131382, ne = 2000
Inputs: strings (smiles)

Outputs: graphs (molecules)

0O=C1CC2NC2CC10 o |

Input neural network: transformer (Vaswani et al., 2017)

Output kernel: core Weisfeiler-Lehman subtree kernel (CORE-WL)
(Nikolentzos et al., 2018)

Input/output sketching: Sub-sample, my, = 3200



Smiles to molecule: Perfect h strategy

6 CORE-WL
—e— SubSample
5 - NonSketch
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my

Figure 6: The GED w/ edge feature w.rt. thes ketching size my for Perfect h
for the CORE-WL output kernel on SMI2Mol (my > 6400 is too costly
computationally).



Smiles to molecule: results

GED w/o edge feature | GED w/ edge feature |

NNBary-FGW 5.115+0.129 -
Sketched ILE-FGW 2.998 £+ 0.253 -

IOKR NA NA
SIOKR NA NA
ISOKR NA NA
SISOKR 3.330 £0.080 4.192 £ 0.109

DSOKR 1.951 +0.074 2.960 + 0.079




Smiles to Molecule: some nice figures
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Figure 7: Predicted molecules on the SMI2Mol dataset.



Text to molecule: Perfect h strategy
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Figure 8: The MRR scores on ChEBI-20 validation set w.rt. my for Perfect h
when the output kernel is Cosine on the ChEBI-20 dataset.
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